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Abstract
The yield surface in crystal plasticity can be approached from various directions during me-
chanical loading. We consider the competition between nanoindentation and tensile loading
towards plastic yielding. For this purpose, we develop a two-dimensional discrete dislocation
model that is then utilized to investigate the hardness and pop-in event statistics during nanoin-
dentation of single crystal under tensile pre-stress. Indentation is performed by using cylindrical
(circular in 2D) indentation with varying radius and under both displacement and load control.
Tensile in-plane stress, varying from zero to yield strength, is assigned to investigate the effect of
pre-stress on hardness and pop-in statistics. At small indentation depths, the measured hardness
is found to be smaller for larger tensile pre-stress; therefore, we conclude that nanoindentation
can be used to detect plasticity. When indentation depth is larger, the effect of pre-stress is
barely seen. Moreover, we discuss event statistics and the related effect of pre-stress.
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I. INTRODUCTION
Indentation has been one of the major techniques towards identifying mechanical be-
havior of a vast list of materials [30]. As a technique, it may be labeled as a direct probe,
since there is an application of an explicit mechanical force towards identifying a deforma-
tion. Moreover, compared with tension/compression tests, nanoindentation is ultra-local
and less invasive for the material shape and properties. Over the last few decades, inden-
tation has developed into an important means to interrogate size dependent plasticity.
At the microscale, the indentation size effect has been primarily attributed to the plas-
tic strain gradients that are induced by non-uniform deformation modes [28], similar to
strain gradients in bending and torsion. These strain gradients have been found to be
the essential reason behind the conclusion that “smaller is harder” [1, 36]. Several strain
gradient plasticity theories [e.g., 14, 15, 18] have been formulated that can capture the size
effects in indentation and many other inhomogeneous deformation processes [19, 48, 53?
]. However, compression experiments on micro and nanopillars uncovered that size effects
are present even in the absence of strain gradients [11, 12, 17, 43, 44]. Such size effects are
responsible for strengthening at the nanoscale, and are shown to have various origins, such
as dislocation source length truncation [35], dislocation starvation [16, 17] and single-arm
dislocation sources [7, 29].
Even though size effects on strength have been the major focus of nanoscale mechanical
deformation, it has also become clear that the mechanical response is intermittent and
that these too display size effects [11, 27, 31, 33, 34]. Bursts of plastic deformation [24,
32, 37] are observed either as stress drops (when imposing displacement control) or strain
jumps (when imposing load control). In load controlled indentation, intermittency is
also known as “pop-in” [5, 23], and in recent years, the first pop-in event in relatively
pristine crystals [13, 38] has been identified to mark the transition from elasticity to
plasticity. Following the trend of size effects at the nanoscale, the equivalent stress for
the first pop-in is also size dependent: [26] proposed a statistical model for pop-in during
nanoindentation that explained the size-dependence of pop-in stresses in accordance with
2
experimental results. Moreover, [52] extended pop-in investigations into multiple types
of pop-in modes: a primary pop-in with a large displacement excursion and a number of
subsequent pop-ins with comparable and small displacement excursions. The distribution
of pop-ins in single FCC crystals has also been investigated to some degree [47] for Cu
single crystals, finding that the distribution can be fitted by a Gaussian with mean and
variance that depend on grain orientation.
It is common in indentation testing that the sample is kept on a stage without any pre-
existing applied stresses. However, pre-application of stress on the sample has been used
to detect the effect of residual stresses on sample properties [20, 21, 39, 41]. Early on, [42]
and [4] have revealed the effect of elastic tensile/compressive pre-stress on the measured
hardness in microindentation by both experiments and FEM simulations. The increase of
tensile pre-stress results in a decrease of the measured hardness up to 6%, while the effect
of compressive pre-stress is barely seen. Moreover, finite element simulations (Bolshakov
et al., 1996) suggested that the hardness dependence on pre-stress might be due to the
experimental analysis procedures underestimating the indentation contact area. In this
paper, we ask the question whether these effects of pre-stress persist for nanoindentation
and the pop-in noise?
Commonly, in nanoindentation experiments, due to nanoscale surface roughness, ox-
ide layers, and other defect-like surface features, the regime of depths below 50nm is
completely neglected. However, modern nanoindenters in a relatively noiseless environ-
ment, only contain 1-2nm depth resolution. Moreover, it is natural to believe that high
throughput nanoindentation experiments on a material surface could generate data that
may average out extrinsic surface features. Finally, surface polishing techniques have
improved to the degree that modern samples may have atomic scale roughness and no
other defect-like surface features [3]. Anyway, it is relatively common that the hardness
value as provided by continuous stiffness estimates appears to diverge for depths below
20nm [22]. Is it possible that this divergence corresponds to a nanomechanical mechanism
that emerges below 50nm? In association, it is also quite common that the first pop-ins,
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when sharp tips are used (corner-cube or Berkovich), appear at a similar scale (5-10nm).
Is the first pop-in burst connected to the divergence of hardness below 20nm? Recently,
Bei et al. (2016) described pop-in strength in different regimes: When the stressed volume
is free of any pre-existing defects (at very small indentation depth), the pop-in corresponds
to the homogeneous nucleation of dislocation at the theoretical strength. At the bulk limit
(large indentation depth), the pop-ins are difficult to observe and the deviation from the
elastic load-displacement curves is governed by the bulk yield stress of the material. In
the intermediate stage, the pop-in strength shows significant scattering.
There appear to be significant differences for nanoindentation between load and dis-
placement control. Load controlled indentation is normally preferred for the relative sim-
plicity in the experimental setup that does not require any electronic feedback loop [25, 46].
In contrast, nanoindentation discrete dislocation dynamics simulations are most easily
performed for displacement control, due to the advantage of not requiring a precise con-
trol of the contact area [10, 51]. Moreover, it is suspected that the hardness and pop-in
statistics display differences between load and displacement control since [8, 9] showed
significant differences through 3D discrete dislocation dynamics simulations of nanopillar
compression. In that case study, the two different loading modes give different strengths
and event (strain burst/stress drops) statistics. Ultimately, it is natural to inquire for
analogous differences between various loading modes in nanoindentation.
In this paper, we perform 2D plane-strain discrete dislocation dynamics (2D DDD)
simulations of nanoindentation [10, 49] to explore and understand the nature of ISEs at
the nanometer scale, in relation to the dislocation microstructure. The main application
of these simulations is thin crystalline films. We use 2D DDD to investigate nanoinden-
tation features of a single crystalline sample by both load and displacement controlled
protocols. Moreover, in order to identify the sensitivity of ISEs to various dislocation
microstructures, constant tensile pre-stress is assigned prior to indentation. This work is
focused on an exhaustive statistical exploration of initial conditions in order to unveil the
statistical character of the indentation hardness and pop-in effects. Overall, while 2D-
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DDD methodology appears restrictive, this is a systematic dislocation plasticity study of
nanoindentation that focuses on the effect of pre-stress and different loading modes that
should guide precise 3D simulations and also experiments.
The remainder of this paper is organized as follows: Section 2 describes the methodol-
ogy of our 2D-DDD model for indentation. Section 3 explains the load controlled protocol
and presents a comparison with the usual displacement controlled indentation [51]. Sec-
tion 4 presents simulation results of indentation hardness at different indentation depths,
both for load controlled and displacement controlled protocols. In addition, we focus on
the effect of pre-stress on hardness. The effect of pre-stress on the pop-in statistics is
discussed in Section 5. In Section 6, we discuss and summarize our results.
II. DESCRIPTION OF THE PROBLEM
The model problem is shown in Fig. 1. A 2D crystal sample with width 1000µm
and height 50µm is indented by a rigid circular indenter of radius R at the middle of
the sample. Tensile stress with magnitude σxx is assigned at two ends of the sample
prior to indentation. For large enough σxx, the system will generate dislocations, and
the indentation simulation is started once the total number of dislocations in the sample
is relatively stable. The finite element mesh is highly refined in the region close to the
indenter with the element segment length being 0.005R to accurately capture the evolution
of the contact area. Plasticity is limited in a window with size wp = 20µm and hp = 10µm
for computational efficiency; once a dislocation reaches the border, the simulation is
stopped. Within the plastic window, three slip systems are considered, with slip directions
at ±30○ and 90○ respectively, relative to the horizontal direction. Slip planes are spaced
at 10b relatively to each other where b = 0.25nm is the magnitude of the Burgers vector.
Dislocation sources (indicated by red dots in Fig. 1) and obstacles (indicated by blue dots)
are randomly distributed on the slip planes.
Plastic deformation of the crystalline sample is described using the discrete dislocation
framework for small strains developed by [45], where the determination of the state in the
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FIG. 1: Schematic of indentation problem. The zoom in shows three slip systems (with different
colors), red dots stand for dislocation sources while blue dots present dislocation obstacles.
material employs superposition. As each dislocation is treated as a singularity in a linear
elastic background solid with Young’s modulus E and Poisson’s ratio ν, whose analytical
solution is known at any position, this field needs to be corrected by a smooth image field(ˆ ) to ensure that actual boundary conditions are satisfied. Hence, the displacements ui,
strains εij, and stresses σij are written as
ui = u˜i + uˆi, εij = ε˜ij + εˆij, σij = σ˜ij + σˆij, (1)
where the (˜ ) field is the sum of the fields of all N dislocations in their current positions,
i.e.
u˜i = N∑
J=1 u˜
(J)
i , ε˜ij = N∑
J=1 ε˜
(J)
ij , σ˜ij = N∑
J=1 σ˜
(J)
ij . (2)
The image fields, indicated by the superposed ,ˆ are smooth and are obtained by solving a
linear elastic boundary value problem using finite elements with the boundary conditions
changing as the dislocation structure evolves under the application of mechanical load.
At the beginning of the calculation (before pre-stressing the sample), the crystal is
stress and dislocation free. This corresponds to a well-annealed sample, yet with pinned
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dislocation segments left that can act either as dislocation sources or as obstacles. Dislo-
cations are generated from sources when the resolved shear stress τ at the source location
is sufficiently high (τnuc) for a sufficiently long time (tnuc).
We only consider bulk sources. The bulk sources are randomly distributed over slip
planes at a density ρnuc, while their strength is selected randomly from a Gaussian dis-
tribution with mean value τ¯nuc = 50 MPa and 10% standard deviation. The sources are
designed to mimic the Frank-Read mechanism in two dimensions [45], such that they
generate a dipole of dislocations at distance Lnuc, when activated. The initial distance
between the two dislocations in the dipole is
Lnuc = E
4pi(1 − ν2) bτnuc , (3)
at which the shear stress of one dislocation acting on the other is balanced by the local
shear stress. Once nucleated, a dislocation can either exit the sample through the traction-
free sides, annihilate with a dislocation of opposite sign when their mutual distance is less
than 6b or become pinned at an obstacle. Point obstacles are included to account for the
effect of blocked slip caused by precipitates and forest dislocations on out-of-plane slip
systems that are not explicitly described. The strength of the obstacles τobs is taken to
be 150 MPa with 20% standard deviation. They are randomly distributed over the slip
planes with a density that is eight times the source density [34].
Dislocations are considered to move by glide only, driven by the component of the
Peach-Koehler force in the slip direction. For the Ith dislocation, this force is given by
f (I) = n(I) ⋅ (σˆ +∑
J≠I σ˜
(J)) ⋅ b(I), (4)
where n(I) is the slip plane normal and b(I) is the Burgers vector of dislocation I. This
force will cause the dislocation I to glide, following over-damped dynamics, with an
instantanoeus velocity
v(I) = f (I)
B
, (5)
where B is the drag coefficient. In this paper, its value is taken as B = 10−4Pa s, which
is representative for aluminum. A dislocation stays pinned until its Peach-Koehler force
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exceeds the obstacle-dependent value τobsb. Each sample contains a random distribution
of bulk dislocation sources as well as dislocation obstacles; for each parameter study, we
therefore studied 20 realizations.
The simulation is carried out in an incremental manner, using a time step that is
a factor 20 smaller than the nucleation time tnuc = 10 ns. At the beginning of every
time increment, nucleation, annihilation, pinning at and release from obstacle sites are
evaluated. After updating the dislocation structure, the new stress field in the sample is
determined, using the finite element method to solve for the image fields [45].
III. NANOINDENTATION WITH LOAD CONTROL PROTOCOL
In displacement controlled indentation, plasticity is characterized by the drop of the
indentation force, as seen in previous DD simulations [2, 50]. Contact between rigid
indenter and crystal is sticky. The contact area is computed as the total length of all
finite elements that are in contact, like in [50].
In indentation experiments that are typically carried out using load control, plasticity
is characterized by displacement bursts (pop-in). A real load controlled indentation sim-
ulation needs a contact algorithm to be implemented between indenter and sample. In
order to avoid the numerical complexity associated with this, in this paper, we propose
a hybrid loading protocol to mimic the load control protocol used in experiments. The
hybrid protocol is essentially displacement controlled based, but with a feedback loop to
the indentation rate in order to maintain the indentation force until the indentation force
increases. As in load controlled indentation, the position of indenter is adjusted and the
indentation force never drops. The assumption in our hybrid protocol is that the indenter
can move as fast as needed in order to maintain the load level. In order to capture inden-
tation force drops, the displacement rate is chosen as 0.004 ms−1 which is much smaller
than the one (0.1 ms−1) used in previous indentation studies [2, 50]. This is done to avoid
the suppression of force drops by very high displacement rates, see Appendix for more
details.
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A comparison between load controlled indentation and displacement controlled inden-
tation is shown in Fig. 2. It can be seen in Fig. 2(a), using load controlled protocol
(a) (b)
FIG. 2: Comparison between load controlled protocol and displacement controlled protocol
with dislocation source density ρnuc = 75/µm2. Two different protocols have the same initial
dislocation structure (dislocation sources and obstacles), (a) indentation force versus indentation
depth, (b) evolution of the total number of dislocations.
gradually gives rise to a larger indentation force. The reason is that our load control
protocol uses a higher displacement rate when the indentation force tends to drop and
that a higher displacement rate yields a higher indentation force. The inset is the zoom
in of the curve between indentation depth 15 nm and 20 nm. It can be clearly seen
that plasticity is presented as displacement burst under load control while it is force drop
under displacement control. The difference on the total number of dislocation can be
seen in Fig. 2(b). At small indentation depth, the two protocols have more or less the
same number of dislocations, but due to the changing displacement rate (a higher rate),
application of the load control protocol gradually leads to fewer dislocations.
Details on the effect of the load control protocol are discussed in the Appendix. The
different loading protocols are also discussed through nano pillar compression, a problem
where the contact area stays constant.
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IV. DEPENDENCE OF INDENTATION HARDNESS ON PRE-STRESS
[42] observed that a tensile pre-stress below the yield strength has a very small influence
on the measured hardness in micron-indentation. In this study, we therefore extend tensile
pre-stress up to the yield strength to see the influence of pre-stress on measured hardness
in nano-indentation. The yield strength of the sample with given dislocation parameters
(ρnuc, ρobs, τnuc, τobs) can be computed by either a force or displacement controlled tensile
(or compression) simulation (see Appendix). A simple estimate can be obtained by first
noting that for the chosen slip system orientations (cf. Fig. 1), the ratio between the
critical resolved shear stress τY and the initial tensile yield stress is τY/σY = 12sin60○. The
critical resolved shear stress is controlled by the weak dislocation sources in the Gaussian
distribution with mean value τ¯nuc = 50 MPa and 10% standard deviation. Assuming τY to
be somewhere between one and a half standard deviation below the mean source strength,
we estimate a yield strength of about 100 MPa. This indeed is the value found for the
simulations with ρnuc = 60µm−2 in the Appendix. For the lowest source density considered
in this study, ρnuc = 15 µm−2, the yield strength is likely to be somewhat larger, whereas
for ρnuc = 75µm−2 and 150µm−2 it may be somewhat lower. Some strain hardening caused
by the high density of strong obstacles ensures a stable response up to σY = 100 MPa for
the entire range of parameters used. As an additional check we have verified that even
for the softest samples, the stress inside the plastic window prior to indentation is equal
to the applied pre-stress.
We start indentation using the load control protocol with dislocation source den-
sity ρnuc = 75/µm2 (with σY=100 MPa). For the same sample (i.e., same dislocation
source/obstacle distribution), the indentation force (for indenter radius R = 1µm) versus
indentation depth (P − h curve) with different pre-stresses σxx is shown in Fig. 3. We
notice that increasing the pre-tensile stress results in a decrease in the indentation force,
as one should expect from the enhanced resolved shear stress argument.
10
FIG. 3: Examples of load versus depth curves obtained under load controlled indentation of a
sample with different pre-tensile stresses. σY is taken as 100 MPa.
A. Effect of pre-stress on hardness
Indentation hardness is defined as the indentation force P divided by the real contact
area a which we calculate following [50]. Fig. 4(a) shows examples of hardness versus
indentation depth at various levels of tensile pre-stress. It can be seen that the hardness
increases with indentation depth at small indentation depth just as observed without
pre-stress [40, 49]. It is important here to note the experimentally confirmed difference
between a wedge (Berkovich in 3D) and a circular (spherical in 3D) indenter: the ISE is
controlled by indentation depth in Berkovich indentation whereas it is controlled by the
indenter radius in spherical indentation. Moreover, the hardness actually increases with
increasing depth for a spherical indenter. Detailed discussions can be found in [40, 49].
With different magnitudes of pre-stress, Fig. 4(b) shows the hardness measured at different
indentation depths. For the same indentation depth, we see that pre-stress reduces the
indentation hardness; a small effect at low pre-stress but increasingly more at higher
pre-stress levels. In fact, there appears to be a hardness transition at pre-stresses of
around 50 MPa (the mean dislocation source strength). Moreover, the effect of pre-stress
changes with indentation depth, as can be clearly seen in Fig. 4(c) where the hardness
is normalized by the hardness H0 with no pre-stress. We see that the hardness decreases
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with increasing pre-stress at small indentation depth, however, the trend becomes less
obvious for larger indentation depth.
(a)
(b) (c)
FIG. 4: (a) examples of Hardness versus indentation depth for three different tensile pre-stresses
obtained by load controlled protocol with dislocation source density ρnuc = 75/µm2. (b) Indenta-
tion hardness at different indentation depths for different pre-stresses, (c) hardness normalized
by hardness with 0 pre-stress. Error bars represent standard deviation of 20 realizations.
The influence of the pre-stress can also be revealed through the stress field under the
indenter, shown in Fig. 5. Figures 5(a), (b), (c) give the stress field at different indentation
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FIG. 5: Shear stress filed of indentation under different tensile pre-stresses. (a), (b), (c) are for
zero tensile pre-stress, (d), (e), (f) are the results with tensile pre-stress 100 MPa. Contour plots
are for different indentation depth as indicated between figures, (a) (d): 2 nm, (b) (e): 10 nm,
(c) (f): 20 nm. The thick dashed line indicates the indentation center.
depths when the tensile pre-stress is zero. We see that with increasing depth, dislocations
get nucleated and a high-stress area extends inside the sample. By contrast, when the
tensile pre-stress is 100 MPa, shown in Fig. 5(d), (e), (f), a high-stress area has been
induced by tension (because of nucleated dislocations). Increasing the indentation depth
changes the stress field, but not as much as in the case of zero pre-stress.
B. Effect of dislocation source density
It has been reported in many previous 2D DDD studies of different problems [34, 49]
that the density of dislocation sources can restrict plasticity if the system does not have
a surplus of dislocation sources. The computations at a source density ρnuc = 75/µm2
reported above, reveal an effect of pre-stress on hardness. In this section, we report
results for different dislocation source densities: ρnuc = 15/µm2 and ρnuc = 150/µm2. It is
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seen in the inset of Fig. 6(a) that the lower source density gives rise to the larger hardness
at the same indentation depth, just like in the previous 2D DDD indentation study by
[49]. Moreover, it is worthy to note that for the lower source density (Fig. 6(a)), the effect
of pre-stress on hardness is still present at an indentation depth of 20 nm while the effect
disappears for the highest source density (Fig. 6(b)).
(a) (b)
FIG. 6: Normalized hardness (by hardness with 0 pre-stress) versus tensile pre-stress obtained
by load controlled protocol with different dislocation source densities. (a) ρnuc = 15/µm2, (b)
ρnuc = 150/µm2. The inset in (a) is the hardness with zero pre-stress at different depth for two
different dislocation source density. Figure (a) and (b) share the same legend shown in (b).
C. Effect of indenter radius
The results reported so far are for an indenter radius R = 1µm; in Fig. 7 we present
the results for a smaller indenter R = 0.5µm and for a larger indenter R = 5µm. It can
be seen in the inset of Fig. 7(a) that at the same indentation depth, the smaller indenter
gives rise to the larger hardness. This is consistent with the typical spherical (circular)
indentation size effect [40, 49]. Furthermore, we see that for a larger indenter, the hardness
transition (decreasing hardness with increasing tensile pre-stress) disappears at a smaller
indentation depth (compare Fig. 7(a) and Fig. 7(b)).
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(a) (b)
FIG. 7: Normalized hardness (by hardness with 0 pre-stress) versus tensile pre-stress obtained
by load controlled protocol with dislocation source density ρnuc = 75/µm2, but different indenter
radii. (a) R = 0.5µm, (b) R = 5µm. The inset in (a) is the hardness with zero pre-stress at
different depth for two different radii. Figure (a) and (b) share the same legend shown in (b).
D. Comparison with displacement control
(a) (b)
FIG. 8: (a) Indentation force versus depth under displacement control with dislocation source
density ρnuc = 75/µm2, (b) effect of pre-stress on normalized hardness. σY is taken as 100MPa.
Fig. 8(a) shows the indentation force versus depth for displacement controlled indenta-
tion under different pre-stresses. It is worthy to note that under displacement controlled
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indentation, plasticity is characterized by a drop of indentation force, while under load
control, it is characterized by a jump (or burst) of the indentation depth. Even though
the difference in loading mode leads to the difference of indentation force depth curves,
the effect of pre-stress on hardness is similar, see Fig. 8(b).
V. POP-IN STATISTICS
While the emphasis so far has been on the effect of pre-stress on the indentation
hardness, in this section, we try to unveil the effect of pre-stress through the statistics of
those signals.
In annealed crystals, the burst of indentation depth appearing during load control is
normally called pop-in, and the first pop-in relates to the nucleation of dislocations [26].
Using 3D DDD, [6] related pop-in to the fast multiplication of dislocations below the
indenter. When the dislocation network formed by fast dislocation multiplication is broken
by indentation, pop-in takes place. In our model, pre-stress can induce dislocations prior
to indentation, in which case the burst is caused by those pre-stress induced dislocations,
not by dislocation nucleation.
Fig. 9(a) shows the average dislocation density ρdis over the entire plastic window
(200µm2) at different indentation depths. It is seen that larger pre-stress introduces some
dislocations, but the dislocation density becomes almost the same at larger indentation
depth irrespective of the pre-stress level. In order to see the connection between pop-ins
and the nucleation of dislocations, we plot the rate of change of the dislocation density
during indentation in Fig. 9(b). It can be clearly seen that at low pre-stress levels, the
growth rate of dislocation density is higher, which means that dislocation nucleation is
dominant. At high pre-stresses, plasticity is mainly dominated by pre-stress induced
dislocations.
The most straightforward way to unveil pop-in statistics is to analyze the displacement
burst or the force drop in the indentation force-depth curve. The definition of a pop-in
event is indicated in Fig. 10 on the response curves shown in the inset of Fig. 2(a).
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(a) (b)
FIG. 9: (a) Evolution of dislocation density. (b) change of total number of dislocations. ρ0dis is
the initial dislocation density. For large pre-stress, ρ0dis is determined by the pre-stress, for small
pre-stress (no pre-stress induced dislocations), ρ0dis = 0.01/µm2. Legend indicates the magnitude
of the pre-stress where σY = 100MPa.
Displacement burst η 
Force drop S 
Equivalent burst η
FIG. 10: Definition of event: displacement burst in load controlled indentation, force drop and
equivalent displacement burst in displacement controlled indentation.
Fig. 11 shows statistics of pop-in of samples under load control. Here, η is the the
magnitude of a single indentation depth burst, while P (η) is the probability density. We
see that for small pre-stress (up to 0.4σY, i.e., 40 MPa), pop-in has power law statistics
spanning two orders of magnitude, except for very small η,. However, at a pre-stress
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≥ 50 MPa (i.e., the average dislocation source strength), dislocations induced by pre-
stress yield higher probability for very small η and at the same time, they give rise to
higher probability for bigger η. This means that pre-stress induced dislocations not only
introduce noise in statistics, but also contribute to big plasticity events.
Under the displacement controlled protocol, the signal of plasticity is a drop of the
indentation force as defined in Fig. 10. Statistics of force drops S are shown in Fig. 12(a).
Here we barely observe an effect of pre-stress except for very small force drops where pre-
stress induced dislocations leads to more noise. We also define an equivalent indentation
(a) (b)
(c) (d)
FIG. 11: Probability event distribution P (η) as function of event size η under different pre-
stresses for different material properties and indenter size (a) ρnuc = 150/µm2, R = 1µm; (b)
ρnuc = 15/µm2, R = 1µm; (c) ρnuc = 75/µm2, R = 0.5µm; (d) ρnuc = 75/µm2, R = 5µm. σY is
taken as 100 MPa.
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depth jump as the distance between the point where the indentation force starts to drop
to the point where the force increases back to its initial value (Fig. 10). Statistics of the
equivalent depth bursts are shown in Fig. 12(b). We see that larger pre-stress can result
in larger indentation depth bursts, which is consistent with the statistics for the load
controlled protocol shown in Fig. 11. The power law statistics spans roughly four orders
of magnitude with an exponent −1.86.
(a) (b)
FIG. 12: (a) Statistics of indentation force drops, (b) statistics of equivalent indentation depth
burst, for a material with source density ρnuc = 75/µm2 and indenter radius R = 1µm. The black
solid line is a power law fit. σY is taken as 100 MPa.
VI. DISCUSSION AND CONCLUSIONS
The main focus of this paper is the effect of pre-stress on the indentation response
of single crystals. One important feature observed in section IV is that there is a hard-
ness transition (decreasing hardness with increasing pre-stress) depending on pre-stress
and indentation depth. This phenomenon is consistent with observations in our recent
experimental study [54].
Tensile pre-stress basically has two effects on indentation: (i) the stress field reduces the
indentation force that is needed to nucleate dislocations, (ii) depending on the magnitude
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of the pre-stress, it may have introduced pre-existing dislocations prior to indentation.
These dislocations got pinned in tension and become mobile in indentation because of the
highly concentrated stress field induced by indentation. [42] have shown that if the pre-
stress is within the elastic regime, there is almost no effect on the indentation hardness
measured at a depth of hundreds of nanometers. Consistent with this, the effect of pre-
stress found in this paper originates from the pre-stress induced dislocations. The effect
becomes less obvious or disappears at the depth where tension induced dislocations no
longer dominate the indentation response, i.e., when dislocations nucleated by indentation
dominates.
For the same dislocation source strength distribution, dislocation nucleation depends
on the high stress volume (area, in 2D) and the probability of having dislocation sources
in the volume (area). The former depends on indenter geometry and indentation depth,
while the latter depends on the source density. It is natural to expect that a smaller
indenter (smaller stress volume) and lower dislocation density (lower probability of hav-
ing sources) shift the transition from pre-existing dislocation-dominated to dislocation
nucleation-dominated behavior to larger indentation depths, as observed in sections IV B
and IV C. Fig. 13(a) shows all computed hardness data for an indenter radius R = 1µm
(different indentation depth h and different dislocation source density ρnuc) reported in
the above sections versus the tensile pre-stress and the dimensionless quantity ρnuch2. The
tensile pre-stress determines the number of dislocations prior to indentation while ρnuch2
influences dislocation nucleation during indentation. The more dislocations are nucle-
ated during indentation, the weaker the effect of pre-stress induced dislocations, and the
transition of hardness fades. Fig. 13(b) shows, for indentation depth 10nm, normalized
hardness as the function of pre-stress and dimensionless quantity ρnucR2. It shows that
increasing ρnucR2 results in a weaker dependence of hardness transition on the magnitude
of the pre-stress.
In summary, the salient conclusions of this study are:
• Larger tensile pre-stress results in a smaller indentation hardness when the inden-
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(a) (b)
FIG. 13: H/H0 as the function of pre-stress for different values of the dimensionless quantity
ρnuch
2 at constant indented radius R = 1µm in (a) and versus ρnucR2 at constant indentation
depth h = 10nm in (b).
tation depth is small.
• The indentation depth that influences the role of pre-stress depends on indenter
geometry and material properties (source strength). The effect of pre-stress de-
pends on the competition between pre-stress induced dislocations and indentation
nucleated dislocations.
• Nanoindentation addresses source limited plasticity at small indentation depth and
interrogates the strain hardening regime at larger depth.
• Statistics for both load controlled and displacement controlled show that pre-stress
introduces more noise and leads to more big events in indentation.
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